We prove in this paper a divergence theorem for symmetric (0, 2)− tensors on a semiRiemannian manifold with boundary. As a consequence we establish the complete divergence theorem on a semi-Riemannian manifold with any kinds of smooth boundaries. This result contains the previous attempts to write this theorem on a semi-Riemannian manifold asÜnal results [8, Acta Appl. Math. 40(1995)]. A vanishing theorem for gradient timelike Killing vector fields on Einstein semi-Riemannian manifolds is obtained.
Introduction and preliminaries
The purpose of this paper is to establish a divergence theorem for symmetric (0, 2)-tensor fields on a semi-Riemannian manifold with smooth boundary (theorem 2). In particular, to solve the problem of divergence theorem on a semi-Riemannian manifold with smooth degenerate boundary (theorem 3, corollary 1) by using the volume element defined on the degenerate boundary.
There have been many attempts to extend this theorem. As far as we know, the first one is due to K.L. Duggal in [1, section 3] when he excluded the degenerate boundary case for use the divergence theorem. For that he considers the so-called regular semi-Riemannian manifold.
In [6] S.E. Stepanov considers the intrinsic geometry defined by the second fundamental form on the boundary without distinguishing the causal character of the tangent vectors at the boundary points.
The main problem to face is the behavior of the induced metric on the boundary. Given a non degenerated metric tensor on such a manifold with boundary, the induced metric obtained by pulling back the former might be either degenerate, positive definite somewhere or negative definite elsewhere. The outward or inward unit normal vector fields which are needed to integrate on the boundary are not well defined at degenerate points. On the contrary, the approach used by B. Unal [8] carefully analyzes the causal character of tangent vectors on the boundary. This approach has also been presented by E. Garcia-Rio and D. N. Kupeli in [4] . Despite these works, the problem on the validity of the divergence theorem on degenerate boundary remained open. Now, with theorem 3 in this paper we solve the problem, we deduce the previous results and confirm the formula used by Stepanov [6] in the lightlike normal vector case.
Consider a semi-Riemannian (M, g) with boundary ∂M , possibly empty. A normal vector to ∂M at a point may have one of the three causal characters with respect to the induced metric on ∂M , say g /∂M . Denote ∂M + , ∂M − , ∂M 0 , the sets of the points where normal vectors are spacelike, timelike, lightlike respectively. The subsets ∂M + and ∂M − are open in ∂M and the subset ∂M 0 is closed in ∂M .
and those subsets are pairwise disjoint. Consequently, ∂M = ∂M + ∪ ∂M − is an open submanifold of ∂M and may be considered as the nondegenerate boundary of M and ∂M 0 is referred to as the degenerate boundary of M . Suppose (M, g) is oriented and let v g denote its volume element. Then ∂M is oriented as well and its area element is η = i N v g where N is the outward unit normal vector field. According to (1) we have the following splitting of N into normal
where N 0 is null transverse vector field. The induced volume element on nondegenerate boundary is well known. The one on the degenerate boundary is constructed by using a Hodge star like operator defined as follows.
Recall that the Hodge star, H defined on an oriented (n + 2)-semi-Riemannian manifold M , is a linear operator on Ω * (M ) mapping a p-form into an (n + 2 − p)-form. It may be locally defined, but it does not depend on a particular coordinate system. Its square is plus or minus the identity, namely
where s is the number of minus signs in the metric.
The following quick review of the geometry of lightlike hypersurface could help to understand this, (much more information can be found in the book [2] by K. L. Duggal and A. Bejancu).
Note that the degenerate boundary ∂M 0 inherits the orientation of (M, g). Denoting g |∂M 0 the induced degenerate metric on ∂M 0 that is there exists locally a vector field ξ ∈ Γ(T ∂M 0 ) such that g(X, ξ) = 0 ∀X ∈ Γ(T ∂M 0 ). Locally, one has
where
is the radical vector bundle, tr(T ∂M 0 ) is the transverse vector bundle and S(T ∂M 0 ) is a screen distribution on ∂M 0 . For any screen distribution S(T ∂M 0 ), tr(T ∂M 0 ) exists and is unique.
Using relation (4), one defines locally on ∂M 0 a smooth 1-form θ 0 by setting θ 0 (X) = g(N 0 , X) such that
and moreover θ 0 is a section of Rad(T * ∂M 0 ).
We also denote by g the extension of g to the space of smooth forms on (M, g). Then, one generalizes h, on the differential forms of the screen distribution as
where Ω k (S(T ∂M 0 )) the space of smooth k-forms of S(T ∂M 0 ). It is characterized by
We denote Ω * S(T ∂M 0 ) the graded algebra of forms of S(T ∂M 0 ) on ∂M 0 . The graded algebra Ω * ∂M 0 splits as
with
Since h is nondegenerate and with the orientation of M , we can define the star operator on the screen distribution that we denote s .
According to decomposition (3)and (4) we can choose the field of frames {ξ, V 1 , . . . , V n−2 } on ∂M 0 and {N 0 , ξ, V 1 , . . . , V n−2 } on M with respect the orientation of M , where n = dim M and
Then a Hodge star like operator is defined on ∂M 0 as follows
where v ∂M 0 is the volume element on (∂M 0 , g ∂M 0 ). It can easily be shown that for each α ∈
Consequently we define the coderivative on (∂M 0 , g /∂M 0 ) by
The determination of coderivative δ on ∂M 0 allows one to get the Laplace Beltrami operator, ∆ = dδ + δd on a lightlike hypersurface. Then we may obtain harmonic forms and de Rham decomposition on ∂M 0 if M is Lorentzian manifolds. 4 As an example, let M be a Monge hypersurface of IR 4 1 given by equation :
is spanned by the orthonormal system {V 1 , V 2 } with
We set
Then the volume element of ∂M 0 is
So, this volume element is intrinsic (see also, [5] p.148).
Thus if X is a smooth vector field on (M, g) with compact support, we prove in section 2,
whenever the boundary ∂M = ∂M 0 is degenerate. Note that here η is the area element on boundary, ξ is an isotropic vector field. Formula (12) is a novelty about divergence theorem for vector fields.
For instance, consider the cylinder
and θ is the polar coordinate of S 1 .
We have η 0 = 1 2 dθ and ξ = ∂ ∂θ so that
Thus our formula (12) still remains valid (compare to counterexample in [8] ).
Those divergence theorems are developed in section 2. As a consequence, we prove Theorem 1. There is no gradient nondegenerate Killing vector field in a semi-Riemaniann, Einstein Ricci non flat compact manifold without boundary.
Divergence theorem on manifolds with degenerate boundary
Consider a symmetric (0, 2)-tensor field T on a n-dimensional semi-Riemannian manifold (M, g). The divergence of T is defined as the 1-form div(T ) given by
for any smooth vector field X ∈ Γ(T M ), where B = {e i , i = 1, . . . , n} is an orthonormal frame of parallel vector fields and ∇ is the Levi-Civita connection on (M, g). Denote by the index uppering operator for g and let T (e i ) be the vector field associated, by duality, to the 1-form
Proof
Let B = {e j , j = 1, . . . , n} be an orthonormal frame of parallel vector fields and g the metric on M .
Theorem 2. Let (M, g) be an oriented n-dimensional semi-Riemannian manifold, ∂M its boundary, and T be a symmetric (0, 2)-tensor field. For any smooth vector field, X, with compact support on M , we have
where η ± = i N ± v g , η 0 = i N 0 v g and ξ is such that g(ξ, N 0 ) = 1 and g(ξ, ξ) = 0.
For the proof of this theorem we need the following Lemma 2. Let (M, g) be an oriented n-dimensional semi-Riemannian manifold with boundary ∂M . If X is a smooth vector field with compact support on M , then 
where k, j = 1, . . . , n, X = g kj g(X, e k )e j and g k,j is the (k, j)-entry of the inverse g −1 of g. Thus
Using Stokes theorem yields the proof. 
Consider the pseudo-orthonormal coordinate system {N 0 , ξ, V 1 , . . . , V n−2 } on M and its dual {θ, θ 0 , θ 1 , . . . , θ n−2 }, whereθ(N 0 ) = 1 and θ k (V j ) = δ kj . We choose {V 1 , . . . , V n−2 } as an orthonormal coordinate system of S(T ∂M 0 ). We have the volume element on (M, g):
This equality is independent of the choice of S(T ∂M 0 ).
Proof of theorem 2
Integrating relation (13), we have
Use relation (15), to conclude the proof
The relation of trace is independent of the choice of coordinates. Therefore in the case of degenerate boundary, the divergence theorem is independent of the choice of screen distribution.
Theorem 2 has as a consequence the following generalization of Unal's results in [8] .
Theorem 3. Let (M, g) be an oriented semi-Riemannian manifold with the boundary ∂M . If X is a smooth vector field with compact support on M , then
Moreover, if one of the following conditions holds.
Use theorem 2 to conclude the proof. • X is tangent to ∂M at the points of ∂M + and ∂M − ,
) be an Euclidean 3-dimensional Lorentzian manifold such that the boundary ∂M is defined by x = F (y, z) where F is a smooth function such that
, y, z) = x−F (y, z) and df = −dx+F y dy +F z dz = 0 Clearly ∂M is degenerate (∂M = ∂M 0 ).
We have the area element on the boundary,
where i is the immersion
With a smooth vector field X = (X 1 , X 2 , X 3 ) with compact support on M we have
With theorem 3 in mind we can extend a Stepanov result [7] to degenerate boundary case.
Let X be a smooth vector field on M and we put A X = −∇X. Then X is said to be special concircular vector field, if
Theorem 4. Let (M, g) be an n-dimensional oriented Lorentzian manifold with degenerate boundary. If ξ is a conformal isotropic vector field such that Ric(ξ, ξ) ≤ 0 then ξ is parallel.
Moreover there is no conformal isotropic vector field which satisfies the condition Ric(ξ, ξ) < 0.
To prove this theorem we need the following Lemma 4. Let M and ∂M be as in theorem 4. For X ∈ Γ(T M ) with compact support and tangent to ∂M , we have
where B is the second fundamental form of ∂M .
Proof
The proof comes from the following classic relation
where W = trace(A X ) − A X X.
Applying divergence theorem 3 we have
But we also have
and the proof is complete.
Proof of theorem 4
Let X = ξ be an isotropic vector field, then B(ξ, ξ) = 0. Since ξ is a conformal vector field
By lemma 4 we have a contradiction to the condition Ric(ξ, ξ) < 0.
Theorem 5. Let (M, g) be an n-dimensional oriented semi-Riemaniann manifold with boundary. If X is special concircular smooth vector field of constant norm on M and transverse to ∂M at every point of ∂M , then
As an immediate consequence, we have 
Electromagnetic tensor fields on lightlike hypersurface
In this part, we apply the Hodge star operator to a class of induced electromagnetic tensor fields to obtain Maxwell equations which will complete the result earlier obtained by Duggal-
Let (M , g, F ) be a time oriented 4-dimensional electromagnetic spacetime manifold with Lorentz metric g of signature (−, +, +, +) and an electromagnetic tensor field F . We define a tensor
where a, b, c ∈ {0, . . . , 3}
There are two classes of electromagnetic tensor fields by the Ruse-Synge classification. Remind F is non-singular or singular according to K = 0 and K = 0 respectively. It is known that K can be expressed in terms of Maxwell scalars [2, p.238] and
Let (M, g, S(T M )) be a lightlike hypersurface of (M , g, F ). Recall the relation (3) which is in this case,
We say that (M, g, S(T M )) is electromagnetic invariant if The tensor field F is singular (resp. non-singular) if F is singular (resp. non-singular). In terms of Maxwell scalars, one has K = 2φ 2 1 ,[2, p.242]. In this text we only consider the class of induced non-singular electromagnetic tensor fields.
But the result is similar to that of singular ones.
Let {ξ, V 1 , V 2 } be a pseudo-orthonormal coordinate system of M with its dual {θ 0 , θ 1 , θ 2 }. Then a non-singular induced electromagnetic tensor field is expressed as follows
where (Im(φ 1 )) is imaginary part of φ 1 . 
